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Abstract
A particular feature of an aperiodic design of cladding of Bragg reflection
waveguides to demonstrate a dispersion blue-shift is elucidated. It is made
on the basis of a comparative study of dispersion characteristics of both peri-
odic and aperiodic configurations of Bragg mirrors in the waveguide system,
wherein for the aperiodic configuration three procedures for layers alternat-
ing, namely Fibonacci, Thue–Morse and Kolakoski substitutional rules are
considered. It was found out that, in a Bragg reflection waveguide with
any considered aperiodic cladding, dispersion curves of guided modes appear
to be shifted to shorter wavelengths compared to the periodic configuration
regardless of the modes polarization.
Keywords: photonic crystals, Bragg reflection waveguide, aperiodic
structure, dispersion characteristics
PACS: 42.25.Bs, 42.70.Qs, 42.79.Gn, 42.82.Et
1. Introduction
As is known, in contrast with conventional optical waveguides based on
the effect of the total internal reflection inside a high-index core [1], distinc-
tive features of Bragg reflection waveguides are influenced by a multilayered
configuration of their composite cladding [2], which has a form of a stack of al-
ternating high- and low-index layers. Indeed, such a composition of cladding
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leads to formation of photonic bandgaps in the spectra of the multilayered
system resulting in light confinement within a low-index core which is usually
considered to be an air gap. Such photonic bandgap guidance brings several
attractive features to the waveguide characteristics [3, 4], in particular, since
most of light is guided inside a low-index core, losses and nonlinear effects can
be significantly suppressed compared to the conventional high-index guiding
waveguides.
Furthermore, even in the simplest symmetric configuration of Bragg re-
flection waveguides there is a set of unique optical features that are unattain-
able in conventional waveguides since the former ones are highly dispersive
due to their complicate geometry (rather than just to their material compo-
sition). As such features we can mention that in Bragg reflection waveguides
[5, 6]: (i) each guided mode has several cutoff points, which results in ability
to design a waveguide supported only the high-order modes instead of the
fundamental one; (ii) there is a possibility to lose a specific mode due to
shrinking of the photonic bandgap into point; (iii) some specific modes with
negative order can appear when a system consists of a thin enough guiding
layer. On the other hand, Bragg reflection waveguides exhibit an extra de-
gree of freedom for optimizing their optical characteristics through utilization
of particular designs of the cladding, among which an asymmetric mirrors
design [7, 8], layers chirping in the cladding [9, 10], and placing the matched
layers between the core and cladding [11] may be referred.
In this paper we report on the other possibility of tuning the operation
bandwidth of Bragg reflection waveguides by applying an another special
design to the multilayered cladding. Our motivation in this study is in fol-
lows. If we have a look from the viewpoint of practical applications, both the
number of layers in the cladding and their thicknesses should be as small as
possible. It is due to the fact that the production of waveguides with thinner
layers requires fewer amount of materials for deposition, and thus less time
for the process. At the same time, it contradicts with the technological lim-
its that are imposed on the possibility of producing layers with a very small
thicknesses. Besides, it is difficult to reach precise step-index profiles with
sharp boundaries, and this problem is more significant for structures with
the thinnest layers. In this context, it is of interest to find such a configura-
tion of layers in the cladding, which would allow one to shift the operation
frequency of the waveguide into the higher band without changing number
of layers and their thicknesses.
It is obvious that through the solution of an optimization problem [12] it
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is possible to find the best spatial distribution of layers in a random sequence
that produces a maximal shift, however, in this consideration we prefer to
deal with deterministically ordered structures instead of completely random
ones, since in the first case we are able to definitely predict the spectral
properties of the system [13, 14, 15, 16, 17], i.e. the width and position
of stopbands on the frequency scale, which are key characteristics that are
taken into consideration when designing the Bragg reflection waveguides. As
noted in our previous papers [18, 19, 20, 21], stopbands in the spectra of ape-
riodic structures can appear to be shifted in comparison with the stopbands
in the spectra of periodic structures assuming the same material parameters
and number of layers in the multilayered systems. Therefore, in this paper,
in order to provide a comparative study, we consider spectral features and
dispersion characteristics of a Bragg reflection waveguide having either pe-
riodic or aperiodic configuration of layers in the cladding. For an aperiodic
configuration we have a choice between three well known aperiodic chains
produced through substitution rules of Fibonacci [22], Thue–Morse [23], and
Kolakoski [24] sequences.
2. Theoretical Description
We consider a Bragg reflection waveguide (Fig. 1a) that is made of a low-
index core layer (in particular, an air gap) sandwiched between two identical
either periodic or aperiodic one-dimensional Bragg mirrors formed by stack-
ing together layers of two different sorts Ψ and Υ, which have thicknesses dΨ,
dΥ and refractive indices nΨ and nΥ, respectively. The numbers of constitu-
tive layers of each sort are defined as NΨ and NΥ. The structure inhomogene-
ity (i.e. the variation of the refractive index) extends along the z-axis, and in
this direction the system is finite, i.e. we suppose that mirrors on either side
of the core layer consist of a finite number N of the constitutive layers. In
other two directions x and y the structure is invariant and infinite. In such a
geometry the axis of symmetry of the structure under study corresponds to
the middle of the core layer which is at the line z = 0, where the core layer
has thickness 2dg and refractive index ng.
Therefore, we study a Bragg reflection waveguide having a core layer with
thickness 2dg = λqw/2ng, where λqw = 1µm. As constituents for the cladding
composition we utilize a combination of layers made of GaAs and oxidized
AlAs, whose refractive indices at the given wavelength λqw are nΨ = 3.50 and
nΥ = 1.56, respectively. The thicknesses dΨ and dΥ are chosen to be 74.5 nm
3
for GaAs layers and 208.2 nm for AlAs-oxide layers in order to provide the
operation bandwidth to be within the first telecommunication window.
As an aperiodic configuration three alternative designs of the waveguide’s
mirrors are investigated. Thus, a comparative study between the waveguides
with the multilayered cladding altered according to the substitutional rules
of Fibonacci [22], Thue–Morse [23], and Kolakoski [24] sequences is provided
(see, Appendix A).
Figure 1: (a) The schematic of a symmetrical Bragg reflection waveguide that consists
of a core layer sandwiched between two aperiodic mirrors. Index profiles of the waveg-
uide’s cladding where layers are arranged according to the generation rules of (b) periodic,
(c) Fibonacci, (d) Thue–Morse, and (e) Kolakoski sequences.
In the chosen structure configuration, each guided mode of TE polar-
ization {Ex, Hy, Hz} or TM polarization {Hx, Ey, Ez} propagates along the
y-axis with its own propagation constant β. As the mirrors on each side of
the waveguide core layer are the same (i.e. the Bragg reflection waveguide is
symmetrical about the z-axis, n(−z) = n(z), as it is depicted in Fig. 1 b-e),
the equations for waves travelling back and forth inside the channel regard-
less of the type of polarization can be joined on the boundaries z = dg and
z = −dg into the next system{
a0 exp(−ikzgdg) = Rb0 exp(ikzgdg),
b0 exp(−ikzgdg) = Ra0 exp(ikzgdg),
(1)
from which the relation between amplitudes can be found
b0 = a0R exp(2ikzgdg). (2)
Here kzg = k0(n
2
g−n2eff)1/2 is the transverse wavenumber in the core, neff =
β/k0 is introduced as an effective refractive index for each particular guided
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mode, k0 = ω/c is the free space wavenumber, and R is the complex reflection
coefficient of the Bragg mirror which is depended on the wave polarization.
The reflection coefficient R can be derived engaging the transfer matrix for-
malism [18, 19, 20] (see, Appendix B).
Eliminating amplitudes a0 and b0 from system (1), the dispersion equation
for the guided modes of the Bragg reflection waveguide is obtained as
1− R2 exp
[
4ik0dg
√
n2g − n2eff
]
= 0. (3)
This equation is further solved numerically to find out a function of the prop-
agation constant β versus frequency ω. The resulting propagation constant
β is sought in the field of complex numbers due to the existence of intrinsic
losses in the waveguide constitutive materials and energy leakage through
the outermost layers because the number of layers N in the Bragg mirrors is
a finite quantity.
The proper selection of the constitutive materials suggests the preference
of substances with low internal losses. According to [26] the imaginary parts
of the dielectric constants of the chosen GaAs and oxidized AlAs are neg-
ligibly small within the wavelength region of interest. Therefore, the main
source of losses in the Bragg reflection waveguides under consideration is the
energy leakage through their finite cladding. These losses can be estimated
via the expression [5]:
Loss[dB/cm] =
−λ ln |R|
40ngd2g
√
1− (λ/4ngdg)2
. (4)
From our estimation for the lowest modes presented in Fig. 2 it follows
that the level of losses decreases exponentially with N (see, also discussions
on this matter in [5, 27]), and leakage of the TM mode is much greater
than that of the TE mode. The leakage is also greater for the waveguides
with an aperiodic arrangement of the cladding compared with the periodic
system. Thus, the criterion of smallness of the imaginary part of β when
classifying the waveguide modes can be satisfied by setting the number N to
an appropriate high value.
For the symmetric waveguides all guided modes can be divided into sym-
metric and anti-symmetric ones. Without loss of generality, the overall field
amplitude in the middle line of the core can be reduced to unity or zero for
symmetric and anti-symmetric modes, respectively. Then the field in the
5
Figure 2: Estimation of the energy leakage in the Bragg reflection waveguides with either
periodic or aperiodic configuration of layers in the finite cladding; (a) TE mode and (b)
TM mode; ng = 1.
core can be normalized by setting a0 = 1/2 and b0 = ±1/2, where the upper
sign ‘+’ is related to symmetric modes, while the lower sign ‘−’ is related to
anti-symmetric ones, respectively.
3. Numerical Results: Solution Analysis
Our goal here is to demonstrate a dispersion blue-shift of guided modes in
a Bragg reflection waveguide that appears in the system having aperiodically
arranged layers in the cladding. In order to reveal the mentioned blue-shift
we provide a comparative study of the waveguide with either periodic or ape-
riodic configuration of the cladding. It is supposed that the periodic Bragg
mirrors consist of a finite number of layers (N = 32) which is enough to
provide the desired level of reflection in order to guarantee that the propa-
gation constant β is essentially real. Obviously, the number of layers of each
sort Ψ and Υ in the periodic system is the same (NΨ = NΥ = 16). Further
three aperiodic designs are investigated. In the first aperiodic configuration
the mirrors are formed by stacking together layers Ψ and Υ according to the
Fibonacci generation rule on its eighth generation stage. At this stage there
are N = 34 layers in the system with different number of layers of each sort Ψ
and Υ (NΨ = 21 and NΥ = 13). In the second configuration, the cladding is
arranged according to the Thue–Morse substitution rule on its six generation
stage which corresponds to the system with the same number of layers as in
the periodic configuration (N = 32). There is the same number of layers
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of each sort Ψ and Υ in this system (NΨ = NΥ = 16). As the third con-
figuration, the cladding is considered to be an aperiodic structure arranged
according to the Kolakoski K(1, 2) generation scheme on its twentieth gener-
ation stage. For such a configuration the total number of layers coincides with
those ones of the periodic and Thue–Morse structures (N = 32), but there
is different number of layers of each sort Ψ and Υ (NΨ = 17 and NΥ = 15).
For clarity, we should note that the total number of layers and the num-
ber of layers of each sort within the deterministically aperiodic multilayered
system depend on the generation stage, and for certain schemes it is im-
possible to obtain a given number of layers in the system (e.g., using the
Fibonacci substitution rule it is impossible to obtain the system consisting
of N = 32 layers). Thereby, a complete coincidence in the layers numbers on
the earlier generation stages exists only for periodic and Thue–Morse con-
figurations, for these structures the different spatial order of the layers is
the only difference between them. On the other hand, in the infinite limit
of the generation stage the numbers of layers of each sort NΨ and NΥ in
the periodic, Thue–Morse and Kolakoski structures take on the same values,
while for the Fibonacci structure the numbers of layers can be calculated
from the formulas [19] obtained using the generating functions technique [?
]: NΨ = [(τ
+)σ−2 − (τ−)σ−2] /√5, NΥ = [(τ+)σ−1 − (τ−)σ−1] /
√
5, where σ
is the generation stage (σ > 2), and τ± = (1 ± √5)/2. Here τ+ is the well
known golden mean value [13].
In Fig. 3 both band diagrams and dispersion curves for TE and TM po-
larizations are presented. They are calculated for the waveguide whose core
layer is an air gap surrounded by the cladding with either periodic (a, b) or
aperiodic (c-h) arrangement. Here, regions colored in light green correspond
to the bands within which light can propagate through the multilayered struc-
ture (passbands), whereas uncolored areas correspond to the bands where the
level of reflection is high enough (|R| > 0.99), therefore they can be identified
as stopbands.
In this figure the guided modes are indicated by a set of colored (blue and
black) points, and it is evident that all these guided modes appear only within
the bands where the level of reflection riches high values (|R| ≥ 0.99) (i.e.
within the stopbands). One can conclude from Fig. 3, that the dispersion
curve of each guided mode is terminated at the stopbands edge at either
maximal or minimal allowable value of neff , at which there is a mode cutoff.
Besides, it can be observed that for all aperiodic waveguide configurations
the dispersion curves appear to be shifted to shorter wavelength (i.e. they
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Figure 3: The band diagrams and dispersion curves for TE (left column) and TM (right
column) polarizations in the Bragg reflection waveguide with either periodic or aperiodic
configuration of layers in the cladding that are arranged according to different generation
rules: (a, b) periodic; (c, d) Fibonacci; (e, f) Thue–Morse; (g, h) Kolakoski K(1, 2). Blue
and black dispersion curves correspond to TE0 and TM1 modes, respectively; ωc is a cutoff
frequency; ng = 1.
acquire some blue-shift which is marked in figures as ∆ω) as compared to
the dispersion curves related to the structure with the periodic arrangement.
In fact this blue shift depends very little on the refractive index of the core
layer as it is depicted in Fig. 4 (assuming of course that ng is smaller than
the refractive index nΥ of the first layer in the mirrors).
We should note that generally stopbands which carry the above-mentioned
modes are also shifted to shorter wavelength. It is a consequence of the fact
that in contrast to periodic multilayered systems which have the main stop-
band centered around λqw, aperiodic structures are characterized by a set of
(pseudo) stopbands which are distributed symmetrically around this wave-
length accompanied with highly localized transmission peaks in the vicinity
of the wavelength λqw.
Evidently, the dispersion shift appears due to different spatial orders of
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Figure 4: The blue shift of the cutoff frequency ωc versus the refractive index of the core
layer.
the constitutive layers in the considered waveguide’s configurations. Thus,
the difference in order of arrangement of layers results in the optical thickness
changing of particular layers in the structure, since some repetitions in a row
of layers of the same sort Ψ or Υ can appear in the aperiodic sequences
that reduces the number of layers’ interfaces within the system compared
to the periodic one. The formation of layers with doubled thicknesses 2dΨ
and 2dΥ produces the enlarged phase shift φi, that leads to a change in the
total reflection spectrum of the mirror, because the shape of the reflection
spectrum of a multilayered structure depends on the phase modulation of
each layer as φi = 2πnidi/λqw. If we mark the phase modulation for the
doubled layers as φ, then the reflectivity can be factorized as the product
of two contributions R = A(nΥ/nΨ) · ℜ(φ) [29], where the function A takes
into account the value of the reflectivity due to the refractive index contrast,
and ℜ is a shape factor that represents the different optical paths of the light
inside the layers. In our case, indeed, changes in ℜ(φ) result in the dispersion
shift, since the substitution ℜ(φ(ni, 2di))→ ℜ(φ(ni, di)) takes place.
It is noticed in Fig. 3 that the longest shift is observed for the Bragg
reflection waveguide whose cladding is formed according to the Kolakoski
K(1, 2) generation rule due to the greater number of the doubled layers in
the mirrors compared to other considered systems. For the given waveg-
uide parameters, in wavelengths, the maximal shift is observed to be about
122 nm.
In order to prove that the obtained dispersion curves are associated to
the same waveguide modes, the field profiles inside the waveguide for the
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Figure 5: Intensity profile of the guided modes for different configurations of the cladding:
(a, b) periodic; (c, d) Fibonacci; (e, f) Thue–Morse; (g, h) Kolakoski K(1, 2). Blue curves
correspond to the electric-field patterns related to the Ex component of the field for TE0
mode. Black curves correspond to the magnetic-field patterns related to theHx component
of the field for TM1 mode; ng = 1. The confinement factor is: (a) Γ = 0.87; (b) Γ = 0.61;
(c) Γ = 0.67; (d) Γ = 0.44; (e) Γ = 0.76; (f) Γ = 0.57; (g) Γ = 0.85; (h) Γ = 0.59.
corresponding field components (Ex for TE mode, and Hx for TM mode) are
calculated at the same frequency (ω = 2.1 × 1015 s−1) which are reported
in Fig. 5. These mode-field profiles are plotted after applying normaliza-
tion of the field magnitude on its maximal value within the core. From
these figures it follows, that the field of the fundamental TE0 mode ap-
pears to be well confined within the central air-guiding core. The degree of
this confinement can be estimated via calculation of the confinement factor
Γ = (
∫ dg
−dg
|I|2 dz)/(∫∞
−∞
|I|2 dz), where I is related to field components Ex
and Hx for TE modes and TM modes, respectively. Thus, the confinement
factor related to the TE0 mode manifests rather high values for all discussed
configurations (see, values of Γ given in the caption of Fig. 3) and, especially,
the highest values 0.87 and 0.85 are obtained for the periodic and aperiodic
Kolakoski K(1, 2) configurations of the cladding. Besides, the field intensity
of the fundamental mode decays rapidly within the first few pairs of the con-
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stitutive layers of the cladding as it is depicted in Fig. 3. At the same time,
the field of TM1 mode appears to be less confined within the core layer, thus,
as was already mentioned, the field leakage is higher for this polarization.
4. Conclusions
To conclude, a dispersion blue-shift in a Bragg reflection waveguide con-
sisting of an aperiodic design of layers in the cladding compared to the peri-
odic design is demonstrated. The strength of this blue-shift is investigated for
three aperiodic multilayered systems, namely for those alternated according
to Fibonacci, Thue–Morse and Kolakoski substitution rules. It is recognized
that the longest shift is observed for the Bragg reflection waveguide whose
cladding is formed according to the Kolakoski K(1, 2) sequence.
In order to prove that the considered dispersion curves are associated to
the same waveguide modes, both the field profile inside the waveguide and
the confinement factor for each mode are calculated. It is found out that the
highest confinement factor can be achieved in the Kolakoski K(1, 2) structure
among other aperiodic designs.
We argue that the design of cladding in the form of an aperiodic structure
gives rise to change in the dispersion characteristics, resulting in the shift of
cutoff wavelengths of guided modes toward the shorter wavelength regardless
of their polarization.
Appendix A. Aperiodic Orders
In optics, a standard algorithm for arranging aperiodic photonic struc-
tures is usually based on a certain symbolic substitution rule (i.e. on a specific
substitution rule w that operates on a finite alphabet A which consists of a
set of letters {a, b, c, ...}). In practical realizations each letter can be associ-
ated with a particular constitutive block (e.g. with a dielectric or semicon-
ductor layer) in a resulting photonic structure. In this regard, substitution
sequences that act upon a two-letter alphabet are especially important. Such
algorithms can be reduced to following:
a→ w1(a, b), b→ w2(a, b), (A.1)
where w1 and w2 can be any string of letters a and b.
Fibonacci sequence is obtained via iteration of the rule wF [22], as
a→ ab, b→ a, (A.2)
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resulting in the letters chain {a→ ab→ aba→ abaab→ abaababa → ...}.
Thue–Morse sequence is generated by the substitution wTM [23], as
a→ ab, b→ ba, (A.3)
resulting in the letters chain {a→ ab→ abba→ abbabaab → ...}.
The generation rule wK of the Kolakoski sequence is similar to those ones
of Fibonacci and Thue–Morse sequences and can be based on two symbols
substitution. Namely, the sequence K(a, b) can be obtained by starting with
a as a seed and iterating the following two substitutions [24]
w0 :
b → ab
a → aa and w1 :
b → bb
a → ba (A.4)
where w0 and w1 can be any string of letters a and b; a
b denotes a run of a
b’s, i.e., ab = a...a (b times). In this paper we examine the case when a = 1
and b = 2, so the letters chain {abbaababba...} appears. Remarkably, using
the Kolakoski substitutional rule (A.4) it is possible to obtain any value of
the total number of letters in the resulting chain by changing its generation
stage and starting letter of the sequence.
Appendix B. Transfer Matrix Description
The plane monochromatic waves of TE ( ~ETE ‖ ~x0) and TM ( ~HTM ‖ ~x0)
polarizations can be defined in a particular j-th layer (j = 1, 2, ..., N) of the
sequence in the form{
~ETEj
~HTMj
}
= ~x0

1/
√
Y TEj√
Y TMj

uj(z) exp[−i(ωt− βy)], (B.1)
where
uj(z) = aj exp(ikzjz) + bj exp(−ikzjz), (B.2)
and aj and bj are the field amplitudes, Y
TE
j = kzj/k0µj and Y
TM
j = k0εj/kzj
are the wave admittances, k0 = ω/c is the wavenumber in free space, and
kzj is the transverse wavenumber which takes on discrete values in each slab
and can be written as
kzj =
(
k20n
2
j − β2
)1/2
= k0
(
n2j − n2eff
)1/2
. (B.3)
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Here nj takes on values ng for the core layer, and nΨ and nΥ for the Ψ and
Υ cladding layers, respectively.
The field amplitudes for the structure input and output are evaluated as
[18, 19, 20][
a0
b0
]
= TΣ
[
aN
bN
]
= ( TΨTΥTΥTΨTΨTΥ . . .︸ ︷︷ ︸ )
[
aN
bN
]
,
N
(B.4)
where the total transfer matrix TΣ is obtained by multiplying in the appro-
priate order the matrices corresponding to each layer in the structure.
The matrices TΨ and TΥ are the particular transfer matrices of rank 2 of
the Ψ and Υ layers in cladding with their corresponding thicknesses dΨ and
dΥ. They are
TΨ = T01P1(dΨ)T10, TΥ = T02P2(dΥ)T20, (B.5)
where T0j and Tj0 (j = 1, 2) are the transfer matrices of the layer interfaces
with outer half-spaces, and Pj(d) are the propagation matrices through the
corresponding layer. The elements of the matrices T0j and Tj0 are deter-
mined by solving the boundary-value problem related to the field components
(B.1):
Tpv =
1
2
√
YpYv
[
Yp + Yv ±(Yp − Yv)
±(Yp − Yv) Yp + Yv
]
, (B.6)
Pj(d) =
[
exp(−ikzjd) 0
0 exp(ikzjd)
]
, (B.7)
where the upper sign ‘+’ relates to the TE wave, while the lower sign ‘−’
relates to the TM wave.
Finally, the reflection coefficient of the layer stack is determined by the
expression
R = |R| exp(iφ) = (b0/a0)|bN=0 = −t21/t22, (B.8)
where tmn are the elements of the transfer matrix TΣ, and φ is the phase of
the reflected light.
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